We consider the dynamics of x 7 ! x n , where n ! 2 is an integer, over the multiplicative group modulo p k , where k is a positive integer and p an odd prime. This paper is a review of earlier results by the author, but new results are also contained. Possible applications to pseudorandom number generation will be discussed. The main results are a description of the preperiodic points and an algorithm to find the longest possible cycle. The preperiodic points form trees, all isomorphic as graphs to the preperiodic points of the fixed point 1. When n is a prime, different from p, we can describe the tree structure completely. A formula for the length of the longest cycle is presented. We can find one of the longest cycles of the monomial system using a primitive root modulo p k as an initial value.
INTRODUCTION
Recently, there has been an increasing interest in using p-adic dynamical systems to generate pseudorandom numbers [1 -3] . In this paper, we will describe patterns (dynamics) produced by a rather simple system; a monomial system over a prime power residue ring. This paper is, in large part, a review of earlier results by Khrennikov and Nilsson [4] and Nilsson [5, 6] , concerning the long-term behavior of these systems (in terms of cycles). New results about the tree structure of the preperiodic points will also be presented. Applications to pseudorandom number generation will also be discussed.
Let p be an odd prime and k a positive integer. We will consider dynamical systems over the rings Z/p k Z given by the iterations of the monomial function hðxÞ ¼ x n ; n ! 2; ð1Þ modulo p k . These systems can be interpreted as approximations (modulo p k ) of the corresponding monomial system over the p-adic integers Z p . The p-adic monomial systems have, for example, been investigated in detail in [4, 5] . In fact, we will merely study the dynamics over the multiplicative group in Z/p k Z. We denote this group by (Z/p k Z)* and the dynamics over it is an approximation of the p-adic dynamics over the unit sphere over the p-adic integers. First, we will consider the dynamics modulo p and then lift the dynamics to modulo p 2 , modulo p 3 and so on.
Monomial dynamical systems have also been used in the theory of cellular automata, see [7, 8] and for Boolean networks [9] . In [10] , multi-dimensional monomial systems over finite fields are investigated, especially systems that only have fixed points as periodic points.
P-ADIC DYNAMICAL SYSTEMS AND THEIR APPROXIMATIONS
The base of our considerations is the periodic points of the dynamical systems. By f r , we mean the r-fold composition of a function f. DEFINITION 2.1. Let X be a set. A point x 0 [ X is said to be a periodic point if there is r[ Z þ such that f r (x 0 ) ¼ x 0 . The least r with this property is called the period of x 0 . If x 0 has period r, we call it an r-periodic point. A 1-periodic point is called a fixed point. The orbit of an r-periodic point x 0 is fx 0 ; x 1 ; . . . ; x rÀ1 g; where x j ¼ f j (x 0 ), 0 j r-1. This orbit is called an r-cycle.
We will further assume that the p is not a divisor of n. We denote this by p B n. This implies that, speaking in terms of p-adic dynamical systems, the periodic points will be the centers of Siegel disks [11] . Fig. 1 , the dynamics is illustrated by a directed graph. The nodes are represented by the non-zero residues modulo 7. There is an arc from a to b if a 2 ; b (mod 7). In the following, we will need some concepts from number theroy. Let m be a positive integer with prime factorization
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. The Möbius function m is defined as follows
If a and b are integers (not both equal to 0) then gcd (a,b) denotes the greatest common divisor of a and b.
The following theorem gives us the number of r-periodic points. A proof can be found in [4] . THEOREM 2.1. The number of r-periodic points of the monomial h(x) ¼ x n on (Z/pZ)* is
where m is the Möbius function. The number of r-cycles is
Our goal is to describe the dynamics modulo p k . We will do this by lifting the results from modulo p to modulo p 2 and further on to modulo p 3 and so on. 
Since the integer (a n 2 b)/p m is independent of x, this implies
Proof. We have for m ! 1 that
Since (a n 2 b)/p m is an integer, we can write this as
This proves the first part. The second part follows from the fact that the image of the restriction of h to fa þ x p m ; 0 x p 2 1g is fb þ yp m ; 0 y p 2 1g and that this is true for all m ! 1.
A Using this theorem, we can prove the following result about the cycles modulo p 2 . A proof can be found in [5] . THEOREM 2.3. Let m 0 be the order of n modulo p. Let G be an r-cycle in (Z/pZ)* of h(x). This cycle will lift to (p 2 1)/ 2 0 cycles of length rm 0 and one cycle of length r modulo 2.
Since m 0 is the order of n modulo p it is clear that m 0 is a divisor of (p 2 1). EXAMPLE 2.2. Let n ¼ 2 and p ¼ 7. The lift of the fixed point x ¼ 1 (see Fig. 1 ) is presented in Fig. 2 . In this case, we have m 0 ¼ 3. Note that the residue 1 modulo 7 is lifted to the seven residues in the following table.
What will happen in the next lift from p 2 to p . From modulo p s 0þ2 and on, each cycle will lift to a single cycle of p times the length of cycle. Figure 3 illustrates the situation. EXAMPLE 2.3. If n ¼ 2 and p ¼ 7, then we can easily see that s 0 ¼ 1. Hence, the two 3-cycles in Fig. 2 will lift to two 21-cycles modulo 7 3 . The fixed point 1 will lift to two 3-cycles and one fixed point modulo 7 3 . In [12] , there is an investigation of the cycles of polynomial iteration modulo a prime power, p k . The length of the cycles grow in a way similar to the monomial case above when k increases. In the monomial case, we can do more. We can find an explicit expression for the length of the cycles (especially the longest) in terms of standard number theoretical expressions. This is studied in the following section.
THE LONGEST CYCLES
Let p be an odd prime number, let n ! 2 be an integer and let k be a positive integer. In this section, we will study the cycles of the dynamical system given by the iterations of the monomial
modulo p k . We will further assume that pB n. A proof of the following theorems can be seen in [5] . THEOREM 3.1. The dynamical system given by iterations of h(x) has p* periodic points modulo p and r is the order of n modulo p*.
If we consider the system modulo p 2 instead, an r-cycle will lift to one r-cycle and (p 2 1)/m 0 (r) cycles of length rm 0 (r), where m 0 (r) is the order of nr modulo p. This follows from the results of the previous section. The rm 0 (r)-cycles will in turn lift to either p cycles of length rm 0 (r) or one cycle of length rm 0 (r)p. In general, we have: such cycles in each r-cycle modulo p.
TREE STRUCTURE OF PREPERIODIC POINTS
Of course, the points of (Z/p k Z)* that are not periodic points are after a number of iterations mapped onto periodic points. In this section, we will describe the structure of the preperiodic points. As in previous sections, we will start to consider the dynamics modulo p. DEFINITION 4.1. Let G P denote the set of periodic points of h(x) over (Z/pZ)*. Let G A denote the set of points in (Z/pZ) that are attracted to 1. DEFINITION 4.2. The set points in (Z/pZ)* that are mapped onto a periodic point x [ (Z/pZ)* without passing any other periodic point on the way are called the x-tree. In the literature, this tree is sometimes called the tail of x [12] .
Hence, the set G A is the same as the 1-tree. For a proof of the following theorem, see [5] . THEOREM 4.1. The sets G P and G A are cyclic subgroups of (Z/pZ)*. The generators of G P are exactly the r-periodic points. DEFINITION 4.3. We call G P the periodic group of the dynamical system and G A the attractor group. 
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It might seem strange to call G A the attractor group of the whole system, since it only contains points that are attracted to the fixed point 1. But, G A determines completely the dynamics outside of balls containing periodic points. In [5] , it is proven that all the x-trees for all the periodic points x are isomorphic as graphs. The number of points in an x-tree, including the periodic point x, is p 0 ¼ (p 2 1)/p*. The following theorem can also be found in [6] . In Fig. 4 , the dynamics modulo p is illustrated. THEOREM 4.3. Let p . 2 be a prime number and let n !2 be an integer. Recall that p 0 ¼ (p 2 1)/p*, where p* is the largest divisor of p 2 1 that is relatively prime to n. If n ¼ q, a prime number such that p= q. We then have p 0 ¼ q s , for some integer s. The 1-tree of the dynamical system given by x 7 ! x n modulo p is almost a complete q-ary tree. By almost complete, we mean that the root (the fixed point 1) has q 2 1 children and that all the other nodes have q children. The height of the tree is s. Furthermore, on level t there are f(q t ) ¼ q t21 (q 2 1) nodes for 0 t s.
Proof. The theorem follows from the fact that there are f(q t ) generators for the subgroup of q t elements and that this generators are at the tth level. Moreover
Let n ¼ 2 and let p ¼ 41 then the 1-tree is almost a binary tree (Fig. 5) . The indicated nodes, the leaves, are the generators of the attractor group G A .
The structure of the 1-tree is not necessarily so simple in other cases. 
FINDING ONE OF THE LONGEST CYCLES
Assume that we are interested in selecting an element in (Z/p k Z)* that will transfer us in to one of the longest cycles. It turns out to be rather easy: just choose a primitive root modulo p k . Let n and p be chosen in such a way that gcd(n, p21) . 1 and hence p 0 . 1. A primitive root modulo p is then always a leaf in a tree corresponding to an r-periodic point.
A proof can be found in [6] . If gcd (n, p 2 1) ¼ 1 then p* ¼ p 2 1, p 0 ¼ 1 and every point is a periodic point modulo p. In this case, the primitive roots are r-periodic points. We have a similar result for the dynamics modulo p k where k . 1. The following theorem shows this, its proof can be found in [6] . THEOREM 5.2 A primitive root modulo p k is always a leaf in a tree corresponding to an r k -periodic point.
In fact, all numbers of the form
where ã is a primitive root modulo p 2 , and is a leaf in a tree to an r k -periodic point.
The following theorem follows directly from Theorems 3.2 and 4.5. 
DISCUSSION
The results described in this paper can be used to generate pseudorandom number sequences. Anashin showed that there [1] [2] [3] is an extensive investigation of the possibility to generate pseudorandom number sequences from ergodic transformations on the p-adic integers. The ergodic systems have the property that when they are approximated modulo p k , the phase space is just a single cycle of length p k . The monomial case, described in this paper, is not ergodic, but for suitable choices of n and p (e.g. p does not divide n) it is possible to have ergodicity on some subsets of Z p . This can be seen in Theorem 2.4. There exists a number s 0 such that cycles modulo p s will increase their length by p when the dynamics is lifted from modulo p s to modulo p sþ1 for every s ! 1 þ s 0 . This makes it possible to construct orbits that are as long as we want. For the monomial case, it is also possible to explicitly give the length of the longest non-repeating sequence and the starting points of such a cycle.
The new results in this paper about the structure of the preperiodic points make it possible to choose many different kinds of orbits before entering a cycle. This should increase the security. According to Example 4.3, preperidodic orbits of maximum length can be obtained by the primitve roots as starting points. Since there are f(p k ) primitive roots modulo p k , the number of different preperiodic orbits are at least f(p k ). Of course, there are many more investigations to be done before we can say that the monomials are good or bad for pseudorandom number generating. In either case, we now know a lot more about the structure of the phase space of these dynamical systems.
